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Abstract

The way the concept of velocity is presented nowadays in mathematics textbooks builds on text problems and on the use of tables. The genesis of the concept of velocity refers to a centuries-old search within the context of motion. The concept that stands behind modern school mathematics refers back to the ideas of Newton who himself relies on the ideas of Galileo Galilei. The historical development of mathematical education has shown that both mathematics and physics classes have their respective characteristic manner using this term. However, the mathematical potential for teaching this concept is by far not exhausted.



Introduction

The causes to investigate the historical development of the concept of velocity and the potential for philosophical ideas in classrooms linked to it are mathematical problems that have lately appeared in German textbooks of fourth grade classes. Here is an example:
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Figure 1. Velocity problem

Several pictures show people or machines such as cars or trains, each with information about the respective velocity: the train covers 150 km in an hour. The assigned task is to fill out tables in which the pupils write the distances for different time spans: 1h, 2h and so forth. Above the pictures and the assigned tasks for the pupils the problem gets the heading “velocities” with the request “apply tables” (Das Zahlenbuch, Klett 2008, p.73).

Considering the given problem, its presentation and its tasks for the pupils, one ponders over the obvious aspects. It attracts attention because surely Galileo Galilei and Newton did not use tables to compute velocities. Also the used presentation within the given table is rather unusual: first the time and then the respective covered distance. This way could have been chosen, because pupils could verbalize: in an hour the distance of 4 km is covered. This arrangement does not however prepare for the equation: v = s/t.  In the following paragraph different aspects of the problem are analysed.  


Theoretical framework

At the stage of elementary fourth graders it is not yet clear what velocity is - there is no definition or explanation - and pupils are expected to fill out tables. Like in other cases in which an introduction into the field is intended there is a start with a quantified aspect of the concept. What could have been an approach to a first understanding of the concept of velocity? Probably looking at the series of different observable motions that give the opportunity for upcoming questions on the part of the pupils. After describing the fact, that some cars or trains show quicker or slower movements, they could ask themselves how to quantify their observations. Instead, there is an emphasis on the computational aspect with no need. The idea of velocity disappears behind the computational activities (Doorman & van Maanen, 2009). Instead of approaching the idea of velocity by exercising better and better descriptions and verbalizing their observations, there are tables to fill out by the pupils. 

This kind of problem can be considered as an anticipation. There are at least three other kinds of anticipation tasks on the elementary level: one refers to the ratios such as a half, one quarter and three quarters and the second refers to the decimals within the context of quantities. The third is the appearance of tables in application problems. For example, in these problems prices of products are given - like 1 kg of apples costs75c - and the question is how much is to pay for 2 kg / 3kg / 5kg. These three kinds of anticipations occur in math classes because of the application principle. Pupils see these kinds of numbers and questions in their everyday life and math classes respond to this phenomenon by introducing these numbers and tables without giving a rigid mathematical reasoning.

What kind of anticipation is it, when students “solve” the kind of velocity problem given above? Since they are to fill out tables, one could assume that functions have arrived in elementary math classes. Tables are one type of a functional representation among others like graphs and equations. Normally they are introduced on the secondary level. Tables are often used for the first time to find the dependent variables given the independent. The fact that pupils fill out tables without knowing yet the mathematical impact of it is interpreted such that the idea of Felix Klein (1905) to make functions a subject matter in school has succeeded even on the elementary level. But this is probably not within the meaning that Felix Klein had in mind at the beginning of the last century. 

The “velocity problem” or the way the problem is shown in textbooks can be seen as an example of an (anti-) didactical inversion (Freudenthal, 1983, p. 305ff.). He argues that no mathematical ideas have been published the way they have been developed. Techniques often follow the new concepts and are used whenever a respective problem has to be solved. Further, Freudenthal says if there is a larger complex of statements and theories, definitions turn into propositions and vice versa. If it becomes a teaching matter the anti-didactical inversion happens. He argues that the learner is entitled to recapitulate the thinking process that stands behind a concept. The problem in consideration shows his thoughts well: It is obvious that this is not following the historical development and it is a short cut done from a later point in historical mathematical development.

Since this kind of velocity problem is not really an application task, as only tables need to be filled out, one could argue that it provides a computational way to compute velocities. Needless to say that today’s pupils have much more contact with the phenomenon of velocities than their predecessors in the last century. Insofar there is a need to explain the observations that can be done in everyday life.  Our modern world presents this phenomenon and students need explanations for it.

Observing the way velocity is represented mathematically, we find an example of a quantity: “He rides his bike with 20 miles an hour is written 20 mph.” Having in mind the way quantities are introduced in math classes on the elementary level one finds the following steps: finding representatives, studying comparisons with chosen measurement objects and thereafter recognize the agreed upon conventional, standardized measurement units. At last the solving of application problems round up this subject matter. The way the issue of velocity is addressed does not show any such procedure although velocity is the first composed magnitude the pupils meet.

Looking upon the problem as one that introduces a new mathematical concept, one would expect a series of steps that lead to a definition. A possible approach would be the didactical triangle of Bruner (1960), pointing at the enactive, iconic and symbolic levels within a teaching process that is especially important on the elementary level. At the enactive level the students could operate themselves with little toy cars or they would observe their own walk or their run during sports classes of school competitions. The iconic level could be dedicated to the description of the observations or even measurement procedures. The last symbolic level could be discussed by referring to the experiences of the students. 

Vollrath (1984) gives another didactical theory of learning concepts. He outlines in general what kind of different steps lead to an understanding of mathematical issues Roughly we could expect examples of the concept in class. Sometimes counterexamples help clarify what is meant. Then we could inspect properties of the concept in focus. Referring to our problem above we have a couple of examples given by a picture.

Another concern is the fact that the concept of velocity can be looked upon as a real mathematical modelling procedure (e.g. Blum & Leiß, 2005). Observable movements can be measured in two dimensions: length and time span. It could be arranged as a project for students in which the definition of velocity is the end product of their investigative endeavour.  

This point leads to the question why a fundamental phenomenon like the concept of velocity lacks any historical approach in textbooks. For example the students could measure the free fall of objects getting an idea of how scientists in the middle ages approached problems of velocity. 

Relying on the idea of anti-didactical inversion of Freudenthal we look into the historical development of the concept of velocity with the idea that Newton might not have thought primarily of it as a function since he was still following Galilei’s proportional theory. The development starts with some inherent philosophical considerations since in times of Newton the subject matter still belonged to the so-called natural philosophy.


Historical and philosophical aspects

The concept of velocity is one with a long tradition, similar to the history of calculus (e.g. Doorman & van Maanen, 2009). Embedded in the concept of motion already Greek mathematicians, especially Aristotle (384-322 BC), had ideas about velocity. He combined his observations of velocity with the ones of the spheres and of the free fall of objects. Within his verbalisations one finds expressions like “quicker than” or “slower than”, meaning, same distance in a shorter time or vice versa. Before historically Galilei (1564-1642) did the next step, Nicole Oresme (1360) used graphic representation of changing quantities. Later Galilei used experiments to argue for the statement that there is a quadratic dependency between the distance travelled and the falling time. Even later Newton (1642-1727) defined velocity using the concept of force that initiates the change of motion. Leibniz (1646-1716) developed the differential and integral calculus also considering the idea of (planetary) movements. 

In the following sections, the focus is on two aspects that play a major part observing the historical development and looking at the philosophical impact of it: Firstly, the formal definition of the concept of velocity was preceded by a long struggle for a clarification of the concept of motion. Secondly, the concept of velocity embodies a circular reasoning.

Although a lot of the work of Archimedes (287-212 BC) concerning mechanics is transmitted and gives an idea of his far-reaching mathematical understanding, we have no clear idea what he understood by velocity. Aristotle (384-322 BC) left us his investigations and conclusions about the phenomenon of motion qualitatively and verbally (Aristotle, Physics, 1829). He distinguished three types of motion: motion in undisturbed order, such as the celestial spheres, the “earthy” motion, such as the concept of the rise and fall, and the violent motion of bodies that needs an impulse (cf. Hund, 1996, p.29). Although his remarks touched the phenomenon of velocity, his conceptions proved wrong later on: "Aristotle came close to the concept of velocity when in the sixth book the words ‘faster’ (longer distance in the same time, same route in shorter time) and the ‘same speed’ are explained (Hund, 1996, p.30)”.

Galilei (1564-1642) succeeded in a better understanding of the concept of velocity, as he did not rely on his direct perception. Galilei was the first whose insight relied on inspection of how nature “behaves”. On his early experiments “to ask nature” later physicists build their theories: "The means of scientific evidence was invented by Galilei and used for the first time. It is one of the most significant achievements, which boasts our intellectual history [...]. Galilei showed that one cannot always refer to intuitive conclusions based on immediate observation because they sometimes lead to the wrong track" (Einstein, 1950, p.17). This intellectual turnaround from earlier thinking to later developments is important enough to be pointed out when it comes to scientific reasoning. 

Weisheipl (1985) draws the attention to Galilei who struggled with the Aristotelian concept of nature (p. 8ff.). Aristotle considered nature as an active principle. “Nature is a source not only of activity but also of rest” (p. 22) which has an impact on the understanding of motion (p. 49ff.). He also still pondered over the idea of Parmenides “All change is illusion” and the one of Heraclitus “Everything is flux”. Galilei can be seen as being the scientist at the brink of Aristotelian sight of nature and the one later proposed in Newton’s Principia and Descartes’ Principia. Without him, the work of Newton had no basis for further development. Newton formulated (in latin) the principle of inertia like this: “Every body preserves in its state of rest or of uniform motion in a straight line, unless it is compelled to change that state by forces impressed upon it (Weisheipl, 1985, p. 69).

Another author, Palmerino (2004), argues for a new sight of the reception of Galilei’s theory since like any other theory it was not at once accepted in Galilei’s time. And certainly not known in the way textbooks nowadays present e.g. the free fall and projectile motion (Palmerino, 2004, p.140). During the last decades it became apparent that the ideas that Galilei, Descartes and Newton presented at their times were different from each other. Also the European continent was not aware of Galilei’s and Newton’s theories. Only later Leibniz set a distinct focus on his functional approach using variables. That is, the way the theory of motion and velocity is presented nowadays in textbooks is much more formed by Leibniz than by Galilei and Newton although it was mostly their ideas that established eventually.

Only Newton (1643-1726) introduced the concepts of absolute time and absolute space and opened up the exact relationship between force and motion: The power does not get the motion upright (Aristotle), but it causes its change (acceleration). While Aristotle argued by inspection, Newton made an abstraction as he looked upon length and time as not necessarily bounded materially. This abstraction formed the basis of further development, mathematically and in physics and gives the point in time to leave natural philosophies behind and turn into direction of modern physics with its mathematical language to express physical conditions. 

In today's linguistic usage, we understand motion as a change in position in the (Euclidean) space during a certain period of time. Lengths and time periods are conditions for the quantification of such motions. On this basis, the (average) velocity is defined as the quotient of the distance travelled and the time required.

We come to the second point of close inspection of the concept of velocity. A circular argument is obvious on a closer look: Time depends on a movement and vice versa, because time is measured using motion (Mauthner, 1997, Vol. 3, p. 438). For example, in the hourglass sand runs through, in an analogous clock the pointer moves, and for the period of a year, we follow the cycle of the earth around the sun.

Likewise, the idea of space is necessarily connected to motion, for only through movement we perceive the space. Mauthner said: "His [The people, note of the author] language makes it impossible for him to understand the metaphorical tautology of the preposition ‘in’. Only rigorous reflection will enable him to understand the metaphorical aspect of the preposition (in time). In space means something like ‘in the space of the room’, ‘for the time’ as much as ‘in the space of time’ (ibid, p. 443)”. Even Piaget refers to this circular argument: "Speed is defined as a relationship between space and time - but time can be measured solely on the basis of a constant velocity" (Piaget, 1996, p. 69). Also due to him one is aware that the concepts of space, time and speed are mutually dependent. 

These two aspects already throw a distinct light on the long lasting conceptualisation of velocity. It also shows how long the journey was to create a step out of the understanding of the concept of motion in Greek times. The earlier was observable, even the spheres, the latter involved thinking and experimenting. It is by no means self-evident and asks for explanations in class.   


Some mathematical aspects of the velocity concept

The reasoning of Aristotle and Galilei is based on their observations of linear motions. However, both had also planetary motions in mind. For motions on a curved path you need two different aspects: the direction and the magnitude of a velocity vector. It is this distinction which led, in modern terms, to a vectorial description and thus to a further clarification of the concept of velocity, which is thus a generalization of the concept of velocity on a straight line. Bodies on a straight line have the same speed, in the same direction and the same absolute value. Since then, the following statement is true: The changes in force and velocity are vectors with the same direction (Einstein, 1950, p. 38). We observe an idea of permanence, because all statements that apply to velocities along curved paths must also apply to linear trajectories.

The cause of this observation is obvious by an idealized thought experiment, which confirmed the theory (cf. Einstein, S.25ff.); this is yet another idea that came to an effect only at the time of Galilei. Since then, the mathematical language is used in physics to reason for not only qualitative but also quantitative conclusions.

In mathematics classes one has to recognize another concept when applications are involved. As soon as one engages in quantitative calculations applied to the real world, one deals with quantities (“Größen”). With respect to the concept of velocity you have the dimension (the quotient of distance and time) and the measured value (an element of the real numbers), which is a composite physical quantity.

Griesel (1973) analysed the subject matter of quantities on the primary level (length, weight, time periods) (vol. 2, p.55ff.) as a technical background for the didactics of quantities. This presentation does not fit the quantity of velocity (and is not mentioned there) because it requires a description as an element of a vector space, which can be higher than one-dimensional.

However, Freudenthal (1977, vol.1, p.188) argues that one can interpret measure indications in terms of function symbols; an idea that was not previously addressed in classes. Another functional aspect occurs in two ways with the concept of velocity: The distance-time-function leads by considering of the difference quotients to the average speed and the transition to differential quotients to instantaneous velocities that are themselves again functions, namely, the velocity-time-functions.


Some possible philosophical aspects in mathematics classes

It has taken over 2000 years for the concept of velocity to be defined consistently out of the concept of motion - in today's usage an act of mathematical modelling. It is therefore a prime example of a mathematical and interdisciplinary concept development with - both mathematical and physical-mechanical - representations throughout history. The intuitive conclusions drawn by Aristotle led to difficulties and proved much later untenable. Only an idealized thought experiment led eventually to a verifiable physical theory. The concept of velocity is an example of a mathematical modelling of a qualitative knowledge with additional potentials as there are qualitative and quantitative statements as well. The knowledge of such phenomena, the resulting misconceptions that even adults still carry with them and the trodden paths of knowledge are essential components of a mathematical education that should exemplify scientific processes.

The genesis also shows a potential for didactical perspectives of mathematics education. Despite the scarce representation of this topic in mathematics classes (in many curricula of the German federal states the concept of velocity is mentioned only one time on the secondary level), there is a diversity of ideas which can be reflected in class.

Instead of giving students tables at once, a long process could be undertaken before the computational form is addressed. The idea of velocity needs to be in the centre of classroom discussions (Vollrath, 1978) long before one starts to compute. These discussions could centre around the following questions: Where can we observe motion? How do we perceive motion? What can be called quick or quicker (slow, slower)? How could we measure observations? What measurements could we use? … This kind of endeavour invites the pupils to think and to experiment for their arguments and can lead to a thorough understanding of how and why tables could be used. 

The above considerations show on the basis of the concrete example of velocity what Paul Ernest (2016) is saying about the limits of human understanding and knowledge: “However, a closer examination also reveals that mathematics, viewed as the most certain and infallible of all the disciplines, is beset with limitations and uncertainties that strikingly show up the limits of human understanding” (Ernest, 2016). And the genesis of the velocity concept makes also apparent that the mathematical knowledge develops which is notably insightful when it comes to applications. 

It is also obvious with the example of velocity that mathematics has two roles: mathematics as a science of its own and a complementary science, here to model a physical phenomenon. 
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